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Abstract
We present the analyses of the asymptotic evolution of the general Bianchi IX spacetime
using Hamiltonian formulation. The dynamics reveals the existence of special structures,
which we call wiggles, in the physical phase space. The wiggles are different from the
spikes known in the context of evolution of some spacetime models towards gravitational
singularities. Our results may be used as starting point in the examination of wiggles at
the quantum level.
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I. INTRODUCTION
A nonlinear coupled system of diﬀerential equations may encode reach physical
structures, which can be made visible only after solving these equations. General
relativity is a reach source of such equations. However, they are usually complicated
as they include second order partial diﬀerential equations. In some very special cases,
motivated physically, they can be reduced to ordinary diﬀerential equations (ODE),
which are much easier to analyse. Such mathematically simpliﬁed situation occurs
in the context of the Belinskii, Khalatnikov and Lifshitz (BKL) scenario [1, 2]. This
scenario was obtained in the analyses of the dynamics of some homogeneous models,
like the Bianchi I, II, VIII, and IX.
The equations specifying the dynamics of these models are of the ODE type. In
the vacuum case of the ﬁrst model, called the Kasner spacetime, the equations can
be solved analytically. In the case of the Bianchi IX model the equations are so
complicated, even in the vacuum case, that the insight into the dynamics may be
only obtained from numerical investigations. It turns out [1], that in the evolution
towards the cosmological singularity the contribution to the dynamics from simple
matter ﬁelds, like perfect ﬂuid with soft equations of state, can be neglected so the
vacuum dynamics may give satisfactory description of the evolution of the system.
It is well known that the dynamics of the vacuum Bianchi IX includes the oscil-
lations of the dynamical scale factors (see, e.g. [3] and references therein), which
underly the chaotic dynamics (see, e.g., [4]). If one makes the analysis of the Bianchi
IX dynamics corresponding to the general case, when the 3-metric of space cannot be
diagonalized globally once for all moments of time1, one can ﬁnd that asymptotically
near the singularity the oscillations are freezed so the evolution is free of the chaotic
behaviour [5–7]. It is interesting to examine if there are other structures possible in
this dynamics.
The existence of physical structures in the evolution of spacetime is of fundamental
importance since if they exist, they can be treated as seeds of real structures in the
Universe like, e.g., inhomogeneities of the CMB spectrum. The latter is believed to
be the origin of large scale structures, like galaxies and clusters of galaxies, visible
presently on the sky. Our paper is devoted to looking for such structures in the
evolution of the Bianch IX universe.
Our paper is organized as follows: In Sec. II we recall (to make our paper self-
consistent) the Hamiltonian formulation of our gravitational system. Section III is
devoted to looking for the dynamical structures which may occur in the physical
phase space of our system. First, we deﬁne a special tool helping to ﬁnd the pos-
sible structures. Next, we use this tool, in the subsection A, to detect the special
1 In the vacuum case the 3-metric can be globally diagonalized.
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structures by suitable choice of the initial conditions for the dynamics. Subsequently,
in subsection B, we show that a random choice of the initial conditions may fail to
detect the structures. Finally, we examine, in subsection C, the evolution of our
system for very large values of time. In Sec. IV we make search for the structures
called spikes. We conclude in the last section.
II. ASYMPTOTIC FORM OF DYNAMICS
The asymptotic form (near the singularity) of the dynamical equations of the
general (nondiagonal) Bianchi IX model is the following [5, 6]
d2 ln a
dτ 2
= b/a− a2,
d2 ln b
dτ 2
= a2 − b/a+ c/b,
d2 ln c
dτ 2
= a2 − c/b, (1)
where a, b, c are functions of an evolution parameter (time) τ , and are interpreted as
the directional scale factors of considered anisotropic universe. The solution to (1)
should satisfy the dynamical constraint
d ln a
dτ
d ln b
dτ
+
d ln a
dτ
d ln c
dτ
+
d ln b
dτ
d ln c
dτ
= a2 + b/a + c/b. (2)
Eqs. (1) and (2) deﬁne a nonlinear coupled system of diﬀerential equations. We
recommend Sec. 6 of Ref. [6] for getting familiarity with the derivation of these
equations.
Making use of the reduced phase space technique, enables rewriting the dynamics
(1)–(2) in the form of Hamiltonian system as follows [8]:
dq1/dt = ∂H/∂p1 = (p2 − p1 + t)/2F, (3)
dq2/dt = ∂H/∂p2 = (p1 − p2 + t/2F, (4)
dp1/dt = −∂H/∂q1 = (2e
2q1 − eq2−q1/F, (5)
dp2/dt = −∂H/∂q2 = −1 + e
q2−q1/F, (6)
where H(q1, q2; p1, p2; t) := q2 + lnF (q1, q2, p1, p2, t), and where
F (q1, q2, p1, p2, t) := −e
2q1 − eq2−q1 −
1
4
(p21 + p
2
2 + t
2) +
1
2
(p1p2 + p1t+ p2t) > 0. (7)
In Eqs. (3)–(7) the variables qk and pk (k = 1, 2) are canonical, i.e., {qk, pl} =
δk,l, {qk, ql} = 0 = {pk, pl}, and are related with a and b as follows, q1 = ln a and
q2 = ln b. There is no explicit relation between the evolution parameters τ and t. The
process of mapping the dynamics with the constraint (2) into the reduced dynamics
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(devoid of dynamical constraint) with the physical Hamiltonian H (generating the
dynamics) erased this relation (see, [8] for more details). The constraint visible in the
r.h.s. of (7) is not of dynamical origin; it result from the restriction of the dynamics
to the physical phase space parameterized by real (not complex) variables.
Equations (3)–(6) deﬁne a coupled system of nonlinear ordinary diﬀerential equa-
tions and ﬁnding analytical solution is an open problem. The solution deﬁnes the
physical phase space of our gravitational system.
III. DYNAMICAL STRUCTURES
In this section we show, making use of numerical simulations, that the dynamics
deﬁned by Eqs. (3)–(6) hides very interesting structure in the physical phase space,
which persist during the evolution of our gravitational system. It is not easy to
identify them as the phase space is four dimensional and the analytical solutions
to these equations are not available. Therefore, we apply a special tool that helps
revealing these structures. Namely, we make use of the following conditions
dpi(t)
dqj(t)
:=
dpi
dt
(
dqj
dt
)−1
= 0, i, j ∈ {1, 2} . (8)
These conditions require that the phase space variables are locally extremal with
respect to each other, which should make easier the identiﬁcation of possible struc-
tures.
Imposing this condition onto our system (3)–(6) leads to the equations
dp1(t)
dq1(t)
=
4e2q1 − 2eq2−q1
p2 − p1 + t
= 0, (9)
dp1(t)
dq2(t)
=
4e2q1 − 2eq2−q1
p1 − p2 + t
= 0, (10)
dp2(t)
dq1(t)
= 2
eq2−q1 − F
p2 − p1 + t
= 0, (11)
dp2(t)
dq2(t)
= 2
eq2−q1 − F
p1 − p2 + t
= 0. (12)
For |p2 − p1| 6= |t| these conditions reduce to the equations:
2e2q1 − eq2−q1 = 0, (13)
eq2−q1 − F = 0. (14)
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The solution to Eqs. (13) and (14) reads
q2 = 3q1 + ln 2, p2 = p1 − 2
√
p1t− 5e2q1 + t , (15)
q2 = 3q1 + ln 2, p2 = p1 + 2
√
p1t− 5e2q1 + t . (16)
These equations can be used to provide suitable boundary conditions for the system
(3)-(6). However, it turns out that they lead to quite similar structures so it is
enough to apply, e.g. Eq. (15). Using this equation, we specify the initial conditions
for the dynamics (3)-(6), for any ﬁxed t = t0, as follows
q1(t0) =: x1, p1(t0) =: y1, q2 = 3x1 + ln 2, p2 = y1 − 2
√
y1t0 − 5e2x1 + t0 (17)
Here it is worth to note, that (15) together with (14) guarantee, F > 0. In Eq. (17)
the parameters x1, y1, and t0 are almost arbitrary parameters as they are constrained
by the inequality y1t0 − 5e
2x1 ≥ 0 to ensure that p2 ∈ R.
A. Numerical simulations with dedicated initial conditions
Utilizing (17) to specify the boundary conditions, one obtains the example solution
presented in Fig. 1. The case (a) presents just the solution to Eqs. (3)–(6). One can
see the structure, in the physical phase space, deﬁned by a rapid change of variables
in the neighbourhood of the initial time t0. The cases (b) and (c) visualize the same
structure, but in diﬀerent way. Namely, by using parametric form of solutions in the
three dimensional space: parameterized by (q1, q2, p1) and (q1, q2, p2), respectively.
The cases (b) and (c) show that the structure “lives” for t < t0 and t > t0 so it
“travels” across the phase space.
B. Numerical simulations with random initial conditions
For randomly chosen boundary conditions, i.e., without imposing the correlation
deﬁned by (17), the solution to the dynamics (3)–(6) is visualised in Fig. 2. It is
diﬃcult to see any speciﬁc structure in the cases (a). The phase space point of
both cases (b) and (c) travels across the phase space in a simple way. It is not a
straight line as the functions q1(t), q2(t), p1(t), and p2(t) satisfy a coupled system of
equations (3)–(6). Thus, there must exist some dependance among them. However,
it is not strong enough to compose the structure like the one of Fig. 2. The case (a)
illustrates the lack of structure in a direct way, similarly as Fig. 1, case (a), presents
the existence of some structure.
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(a)
(b) (c)
FIG. 1: The solution to Eqs. (3)–(6) with the initial conditions:
t0 = 10, x1 = −2, y1 = 28.
C. Numerical simulations in the asymptotic region
The solutions to Eqs. (3)–(6) cannot be visualised as the entirely integrated
plots because of quite diﬀerent amplitudes of these solutions. Figures 3 (a) and (b)
present the plots of (q1, q2) and (p1, p2), respectively, separately as the functions of an
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(a)
(b) (c)
FIG. 2: The solution to Eqs. (3)–(6) with the initial conditions:
q1(10) = −32, p1(10) = 54, q2(10) = −93, p2(10) = 86.
evolution parameter. Figures 3 (c) and (d) visualise the corresponding parametric
forms. No structure can be seen in the asymptotic region of the physical phase
space corresponding to very large value of time. The solution for the variable p2
strongly dominates the solutions for other variables. One can say, that the asymptotic
dynamics “destroys” possible structures made of all the variables.
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(a) (b)
(c) (d)
FIG. 3: The solution to Eqs. (3)–(6) with
(q1, p1, q2, p2) = (100, 3.61× 10
47, 300.69, 3.61× 1047) chosen at t0 = 10
40.
IV. SPIKES
In the dynamics of nonhomogeneous spacetimes towards the singularity, an in-
teresting phenomenon has been found that is named “spike” (see, [9] and references
therein). This is a steep feature that may develop in strong gravitational ﬁeld, and it
is “made” of the gravitational ﬁeld itself so it seems to be similar to the gravitational
solitons considered, e.g., in [10].
It is interesting that spikes can be also identiﬁed within the context of homo-
geneous dynamics by choosing in a very special way the initial conditions for the
system of equations deﬁning the dynamics. Namely, by choosing the so-called inho-
mogeneous initial data [9, 11]. In the case of our dynamics deﬁned by Eqs. (3)–(6),
they are deﬁned by choosing for some t0 the initial conditions in the form with one
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FIG. 4: The solutions for the random initial conditions: t0 = 10 and
x = q1(t0) ∈ {−90,−80, ...,−10, 0}, with q2(t0) = 54, p1(t0) = −32, p2(t0) = 86.
slot being a real variable, that changes continuously, and with other slots being ﬁxed
numbers. Simple example would be taking (x,−5.31, 28, 4.54), where x ∈ R, as the
initial conditions for (q1, q2, p1, p2). An example of homogeneous initial data could
be taking, e.g. (−2,−5.31, 28, 4.54). Then, instead of solving one set of equations,
one solves a lot of them, i.e., one set for each x with x varying from, e.g., −2.7 to
−1.3. The plot of all of the variables (q1, q2, p1, p2) as functions of x (as well as t)
may reveal emerging spike in x around x = −2.
Applying the above procedure to Eqs. (3)–(6), we obtain the following results:
• For the random initial conditions, Sec. III.B, we choose t0 = 10 and determine
a family of solutions corresponding to various x := q1(t0). An example is shown
in Fig. 4, with (q1, q2, p1, p2) evolved up to t = 50. No spikes can be seen in
this case.
• For dedicated boundary conditions, Sec. III.A, the situation is similar to the
random case, and it is presented in Fig. 5. No spikes appear.
• Fig. 6 presents the case for dedicated boundary conditions with the magniﬁca-
tion of the scale around x = q1(10) = −1 to reveal possible spike “hidden” in
Fig. 5 due to some “averaging” of spike’s properties. No spikes are visible in
this case as well.
We conclude that our results strongly suggest that spikes do not occur in the
context of Eqs. (3)–(6).
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FIG. 5: The solutions for the dedicated initial conditions: t0 = 10 and
x = q1(t0) ∈ {−4,−3.9, ...− 0.1, 0}, with p1(t0) = 28 and q2(t0) as well as p2(t0)
determined from Eq. (17).
(a) step = 10−2 (b) step = 10−4
FIG. 6: Solutions around x = −1 with tiny steps of the x variable.
V. CONCLUSIONS
The main result of this paper, presented in Sec. III.A, is ﬁnding an interesting
structure in the physical phase space propagating across that space. This dynam-
ical structure is visible separately in each phase space variable, and jointly in the
parametric form of solutions. This structure is a kind of wiggle that intertwine the
phase space variables, a sort of entanglement that exists during the evolution of the
gravitational system. The random choice of the initial conditions may not lead to
any speciﬁc structure, which is shown in Sec. III.B. However, lucky random choice
may lead to a wiggle.
The examination of the dynamics in the region of the physical phase space cor-
responding to very large value of time, considered in Sec. III.C, gives numerical
evidence that no structure occurs there. The wiggles presented in Sec. III become
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disentangled due to the relation p1 >> p2 >> q2 >> q1. This is consistent, to
some extent, with the relations among the spacetime variables (a, b, c) of the dy-
namics Eqs. (1)–(2), in the evolution towards the singularity, considered in [5–7].
It has been found that the weak relation a > b > c turns into the strong relation
a >> b >> c, which is devoid of any structural form.
The hunt for possible existence of spikes, in considered dynamics, is unsuccessful.
Our result conﬁrms the interpretation of the spikes as structures connected with
oscillations of the directional scale factors of the Bianchi IX model. The generic
dynamics of that spacetime consists of a series of transitions from one Bianchi I
type spacetime to another via the Bianchi II spacetime, which form the oscillations.
However, there are exceptional cases when instead of the Bianchi II transition the
spacetime remains in a particular Bianchi I epoch. At such spatial point a spike
is created (see, [9] for more details). Thus, the appearance of spikes is inseparably
connected with the oscillations. Since the asymptotic evolution of the Bianchi IX
(considered in this paper) is devoid of oscillations, we cannot see spikes.
The nonlinearity of the dynamics is a reach source of special structures that may
occur in gravitational systems. The wiggles found in our search extend the list of
structures including solitons [10] and spikes [9]. It would be interesting to examine
if the wiggles persist in quantum dynamics.
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